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Several recent studies have found infinite sets of similarity solutions to problems involving pinch-off and rupture. [1] [2] [3] [4] Here we study a model described in a recent paper of Zhang and Lister, 2 who examine the rupture of a thin liquid film on a substrate due to van der Waals forces. The evolution of the thickness of the viscous film, hϭh (x,t) , under the influence of van der Waals forces and surface tension is given by the lubrication equation,
Similar fourth-order nonlinear diffusion equations describing thin films with surface tension have been studied extensively. [5] [6] [7] [8] Zhang and Lister address the problem of rupture in this equation, associated with a singularity forming with h˜0 at a finite time, t c . As rupture is approached, some of the assumptions used to derive ͑1͒ from the NavierStokes equations may break down, but within this model, formation of the singularity is self-consistent. From dimensional analysis, Zhang and Lister show that first-type similarity solutions exist for rupture with hϭO((t c Ϫt) 1/5 ) and xϭO((t c Ϫt) 2/5 ) as t˜t c for both planar line rupture and axisymmetric point rupture. Using these scalings, they reduce ͑1͒ to a fourth-order nonlinear ordinary differential equation ͑ODE͒ for the self-similar profiles. The beginnings of a discrete, countably infinite set of these solutions was found using a numerical shooting method. 1, 3 The first of these profiles was also observed in direct simulations of the partial differential equation ͑PDE͒ ͑1͒. Here, we present an alternative numerical approach for calculating the selfsimilar profiles, as solutions of a nonlinear two-point boundary value problem, using Newton's method. This approach has the advantage of yielding the linear stability of these solutions. We show that only the fundamental point rupture solution is linearly stable to axisymmetric perturbations; we also show that it is stable to non-axisymmetric perturbations.
As In this notation, self-similar profiles are steady, s-independent solutions, HϭH (), of the fourth-order nonlinear ODE
To describe localized self-similar behavior, solutions of ͑8͒ must also satisfy far-field boundary conditions allowing asymptotic matching to a slowly varying outer solution. The structure of the solution away from a localized singularity is independent of the evolution of the singularity as the critical time is approached, t˜t c . 2, 4 For the rupture problem this means that h t must remain bounded ͑independent of ͒ at any fixed distance in r from the rupture point. In similarity variables, this restriction transforms into a far-field Robin boundary condition for the self-similar solutions,
These far-field asymptotics force the similarity solutions to have the structure
where the positive matching constant A provides a measurable global parameter for comparison of different solutions of ͑1͒. As described by Zhang and Lister, 2 specifying this asymptotic behavior as the far-field boundary yields locally unique solutions to ͑8͒.
Due to the high order and nonlinearity of ͑8͒, analytic results are severely limited and numerical methods must be used to obtain solutions. Like other studies of similarity solutions for thin film problems, 1, 3 Zhang and Lister used a two-parameter shooting method to search for solutions satisfying ͑10͒ starting from given values for H (0), H (0) at ϭ0. In contrast, we obtained uniformly accurate solutions of ͑8͒ from a finite difference scheme, on a finite but large domain of length L, with boundary conditions ͑9͒, solved via an under-relaxed Newton's method. The boundary conditions are imposed at each edge, 4 and the domain is increased until the numerical solution is independent of L. Such iterative methods are only locally convergent in solution space and therefore need well-chosen starting estimates.
For our initial estimate of the solution, we construct a longwave approximation, H (), to ͑8͒ and ͑9͒ in which the fourth-order term, S(H), is assumed to be subdominant. The resulting second-order problem is more analytically and numerically tractable. Let H ()ϭH (0) ()ϩH (1) 
where H (0) () is given by
Equation ͑11͒ has a unique solution for every positive value of A in the asymptotic boundary conditions ͑10͒. Subsequently, H (1) () is given by the solution of the linear second-order problem
where L 2 ϵ␦N 2 is the linearized second-order operator. The longwave approximations, H (), generated by this approach are parametrized by the far-field constant A in ͑10͒.
For almost every value of AϾ0, the iterative scheme for solving ͑8͒ and ͑9͒ starting with the two-term approximation to H () converges to one of the discrete self-similar solutions H m (), mϭ1,2, . . . ͓see Fig. 1͑a͔͒ , the first six of which were found by Zhang and Lister. 2 Each of these H m solutions has a distinct value of AϭA m , with a finite basin of attraction for the iterative scheme for A in a neighborhood of A m . Having found the first 25 solutions for both the planar and axisymmetric cases, we note that the ) gains an extra pair of zeroes, yielding a well-defined method for counting of the H m () solutions, independent of, and consistent with, the A m values. Note that in the limit A˜0, S(H ) is indeed subdominant, justifying our longwave expansion. Using the first two terms in this expansion was sufficiently accurate to yield convergence of Newton's method.
We will now use linear stability analysis to show that only the fundamental self-similar solution H 1 (), for d ϭ1,2, is stable, verifying the observations of the direct PDE simulations. 2 Consider s time-dependent similarity solutions of ͑4͒ given by infinitesimal perturbations of the self-similar solutions,
Substituting ͑13͒ into ͑4͒ yields the linearized eigenvalue problem where the fourth-order linearized operator is given by L 4 ϭ␦N 4 . The far-field boundary conditions, T(Ĥ )ϭĤ as ͉͉˜ϱ, again follow from the spatial localization of the singularity. 4 The numerical solution of this problem follows directly from our use of Newton's method to obtain the nonlinear solutions H m (). The converged Jacobian matrix is the numerical representation of the linearized operator L 4 (H m ); its eigenmodes are calculated via inverse iteration. For the axisymmetric problem (dϭ2) we also calculated stability of the H m () solutions with respect to nonaxisymmetric perturbations, Ĥ ()e in e s , by retaining the original dependence of the gradients in ͑1͒.
The symmetries of PDE ͑1͒ must be examined to correctly interpret the spectrum of the linear stability problem. 4 A continuous one-parameter family of rupture solutions of ͑1͒ exists under time translations of the rupture time, t c t c ϩ⑀. Linearizing the action of this symmetry yields an eigenmode associated with time translation, Ĥ T ()ϭT(H ) with T ϭ1. Similarly in the planar case (dϭ1), invariance under spatial translation, x˜xϩ⑀, yields an additional eigenmode, Ĥ X ()ϭH with X ϭ 2 5 . For axisymmetric point rupture (dϭ2), this spatial translation mode describes shifting the rupture point in the (x,y) plane and yields an nϭ1 non-axisymmetric eigenmode. We note that while these symmetry modes have positive eigenvalues, they do not represent genuine instabilities. They reflect the fact that solutions with different rupture positions or critical times appear to be exponentially diverging in the similarity variables, (,s).
Our calculations have shown that, apart from the symmetry modes, only the fundamental solution, H 1 (), for both dϭ1,2, has no positive eigenvalues and hence is stable to linear perturbations. Thus, the H 1 () solutions describe stable finite-time self-similar rupture. The dynamical stability of these solutions was verified by numerical simulations of the full PDE ͑1͒ in both planar and axisymmetric geometries. Our calculations also show that axisymmetric rupture given by H 1 () is also stable with respect to nonaxisymmetric perturbations for nϭ1,2, . . . . While the higher-order solutions, H m () are unstable for mϾ1, this does not mean that they do not play a role in the dynamics of rupture. In Fig. 2 , we show a direct numerical solution of the axisymmetric PDE ͑1͒ starting from initial data given by H 4 (r), which reveals a new scenario for rupture. The similarity solution soon destabilizes and rupture does not take place at the origin, rϭ0, but in an annular ring with a finite radius r c Ͼ0. In Fig. 3 , the solutions of the PDE are rescaled in the neighborhood of the ring rupture radius, r c . They converge to the stable planar (dϭ1) rupture similarity solution, H 1 (); this reflects the fact that the influence of the ring curvature can be neglected in the localized neighborhood of r c as t˜t c . In a full simulation of ͑1͒, we expect ring rupture to be unstable to non-axisymmetric perturbations, leading to a set of isolated point ruptures; further investigation of these phenomena awaits forthcoming work.
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